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Numerical Analysis of Shock Wave Reflection
Transition in Steady Flows

M. S. Ivanov,* G. N. Markelov,” A. N. Kudryavtsev,* and S. F. Gimelshein®
Institute of Theoretical and Applied Mechanics, 630090 Novosibirsk, Russia

Different aspects of the transition between regular and Mach reflections of strong shock waves in steady flows
are numerically studied. Two approaches—kinetic (the direct simulation Monte Carlo method) and continuum
(Euler equations)—are used to investigate the hysteresis phenomenonin the flow about two symmetrical wedges in
two- and three-dimensional statements. The dependence of the final shock wave configuration on initial conditions,
the transition from regular to Mach reflection by means of flow perturbations, and three-dimensional effects are
examined. The three-dimensionality of the flow is shown to increase the angles of transition from regular to Mach
reflection and back and to decrease the Mach stem height.

Introduction

HE hypothesis that a hysteresis phenomenon may exist in the
transition between regular reflections (RR) and Mach reflec-
tions (MR) of strong shock waves in steady flows was first put
forward by Hornung et al.! They assumed that, when the angle
of incidence o changes smoothly, the transition from RR to MR
and the reverse transition occur at different o values. An attempt
to assess this hypothesis was performed experimentally by Hor-
nung and Robinson’ and gave a negative result: No hysteresis was
observed. They concluded that a possible reason might be the dis-
turbances present in wind-tunnel flow.? Recently, though, the hys-
teresis was obtained experimentally by Chpoun et al.>* and nu-
merically by Ivanov et al.’ using the direct simulation Monte Carlo
(DSMC) method. In later papers by Ivanov et al.5~® the hystere-
sis phenomenon was examined carefully using two numerical ap-
proaches: kinetic and continuum. These numerical studies proved
the existence of the hysteresis in accordance with the prediction of
Hornung et al.! As for the experimental results of Chpoun et al. >4
some details of this work, such as the angle of transition from RR
to MR, «,, do not correspond to what comes from the hypothesis
of Hornung et al." (o, was 37.2 deg instead of o = 39.3 deg for
M =4.96). This was probably caused by three-dimensionaleffects,
which were fairly significant in these experiments, where a wedge
model with a small spanwise size was used. The contradiction mo-
tivated conducting new experiments'’ where differentaspectratios,
i.e.,ratios of spanwise to streamwisesize, from 0.66 up to 3.75, were
used. The existence of hysteresis was confirmed there, but the total
agreement of experimental and numerical data was not obtained.
The difficulties of experimental studies of the hysteresis phe-
nomenon are caused by acoustic and other perturbations inherent
in any aerodynamic wind tunnel and also the problem of obtaining
results with no influence of three-dimensionality. These difficulties
may be easily avoided if a numerical simulation is performed. The
numerical approach gives an opportunity of not only assessing the
impact of different perturbations and three-dimensionality but also
elaborating a strategy for future experimental work. This paper is
aimed at continuing the numerical study of various aspects of the
problem. New results are presented on the influence of initial condi-
tions on the final shock configuration, the transitionbetween RR and
MR caused by flow perturbations,and the role of three-dimensional
effects.
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Some backgroundinformation about shock reflectionsis givenin
the next section. Then, the flow conditions and details of numerical
approaches are described. Afterward, the results of two- and three-
dimensional computations are presented.

Background: RR and MR

For a wedge-generatedoblique shock wave being reflected on the
symmetry plane in a steady flow, two reflection types are possible:
regular and irregular (e.g., see Ref. 2). In the first case (Fig. 1a), a
reflected shock wave (RS) is formed at the intersection point of the
incident shock (IS) and the symmetry plane. The flow that passes
throughthe RS returnsto its original direction parallel to the symme-
try plane. For irregular reflection (MR; Fig. 1b), the point T where
the incidentand reflected shocksintersectis located at some distance
from the symmetry plane and connected with it by the third shock
wave, Mach stem (MS). Besides three shock waves, a slip surface
(SS) also comes from the triple point T and divides the streams that
passed throughthe MS and the two shocks, IS and RS. The existence
of MR in steady flow is connected with the presence of the length
scale (the wedge length w) that controlsthe MS height Hy;. The trail-
ing edge of a wedge generates an expansion fan that refracts on the
RS and theninteractswith the SS. Because of this interaction,the slip
surface becomes curved and forms “a virtualnozzle.” In this nozzle
the flow, turned to subsonic after passing through the MS, acceler-
ates up to a supersonic velocity. Finally, the MS height is defined
by the relation between the inlet and throat cross-sectionalareas of
the nozzle.

The transition from one reflection type to the other at a fixed
freestream Mach number occurs at a certain angle o, between the
incident shock and the symmetry plane. The analysis of two-shock
and three-shockconfigurations'! allowed the derivationof two prin-
cipal criteria for strong shock waves (M > 2.2): the von Neumann
criterion ay and the detachment criterion «p at which the transi-
tion from regular to MR may occur. Regular reflection is impos-
sible for o > ap, and MR is impossible for & < ayy. In the range
ay <a < ap (dual solution domain) both reflection types are the-
oretically possible. The value of (¢, — ay) increases considerably
when increasing M. For example, it reaches 8.5 deg for M =5
(Fig. 2).

The theoretical possibility of the existence of two different shock
configurations for oy <o <ap results in a question: Which cri-
terion is correct for the transition between these configurations?
The numerical investigations'~®1213 manifested the hysteresis phe-
nomenon, i.e., the reflection-type dependence on the direction of
the incidence angle variation, at o changing through the range
ay < a < ap, both from below and from above. The transition from
RR to MR in most papers occurs in accordance with the detachment
criterion, and the reverse transition takes place near o .

The change of the base shape (angle ¢ variation within the range
0 < ¢ <90 deg; Fig. 1a) does not impact significantly the transition
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Fig.1 a) Regular and b) Mach shock wave configurations.

o
42.5
40.0 1
37.5 1 dual

solution
3501 domain
32.51

‘\
30.0 '
M

27:5 3.0 4.0 5.0

Fig.2 Transition criteria and attendant hysteresis effect.

angles, the MS height, and other important characteristics of the
flow.'* The comparison of the numerical transition angles for two-
wedge’? (¢ =0 deg) and channel® (¢ = 90 deg) geometries shows
that they are independent of ¢. Though the analytical models'®:!”
give contradictorypredictionsconcerningthe dependenceof the MS
size on ¢, there is numerical'® and experimental'® evidence that its
size does not depend on the base angle either.

The steady MR can also be observed in supersonic jets. One
example is the reflection of a shock generated at the edge of the
nozzle operating under highly overexpanded flow conditions2°~ 2
Therefore, the hysteresis phenomenon can be expected to be ob-
served here. Indeed, the computations of plane jet flows performed
by Ivanov et al.? for the jet Mach number M =4.96 show the exis-
tence of both regular and MR at the same shock wave angle @ =36
deg within the dual solution domain. Obviously, many different as-
pects of the phenomenon require further examination.

In two-dimensional computations, supersonic flows around two
symmetrical wedges with ¢ = 0 and 90 deg (a channel with a ramp)
are considered to examine the transition between RR and MR. Be-
cause the problem is symmetric, only the upper half of the domain
was considered in computations. Essential parameters for a two-
dimensional case, besides the freestream Mach number M, are the
incident shock wave angle « and the ratio g /w (see Fig. 1b). In all

computations M =4.96 and g/w = 0.34. This corresponds to the
experimental conditions 2~*+10 Perfect gas with a specific heat ratio
y = 1.4 was used.

The flow around two symmetrical wedges with ¢ =0 and a finite
spanwisesize z was investigatedin three-dimensionalcomputations.
An additional parameter here is the aspect ratio z/w. To examine
three-dimensionaleffects, the computations were performed for dif-
ferent aspect ratios. In addition to the horizontal symmetry plane
between the wedges, there was the vertical symmetry plane, and
the computations were performed in a quarter of the domain. The
spanwise boundary was chosen far enough from the side wall to
specify on it the inflow parameters correspondingto the freestream
conditions.

Numerical Techniques

In spite of apparent simplicity, the numerical simulation of the
transitionbetween RR and MR and the investigationof the hysteresis
phenomenon in a steady flow is a severe problem for various com-
putational fluid dynamics methods. First, the dual-solution domain
is large enough only for high Mach numbers. The flow therefore in-
cludes strong shock waves and a very low-density region behind the
wedge that appears to be a problem for many solvers. Second, the
flow under consideration has a few subtle details such as unsteady
phenomena that are connected with physical instability of the slip
surface and the wake flow. Finally, the nature of the flow inves-
tigated, which demonstrates the existence of two steady solutions
and the hysteresis, requires an accurate numerical technique to be
used.

In the present work, two numerical approaches have been used:
the kinetic one, based on the solution of the Boltzmann equation
by the DSMC method, and the continuum one that uses the solu-
tion of Euler equations. The application of two differentapproaches
turns out to be beneficial for obtaining credible data on shock wave
reflections.

Kinetic Approach

Being applied to the problem under consideration, the DSMC
method has several important advantages. This approach takes into
account viscosity, and the finite thickness of shock waves is phys-
ically grounded. The development of fast computers and paral-
lel algorithms allows one to use the DSMC method for comput-
ing flows at very small Knudsen numbers, Kn <0.001, and this
method has become a powerful tool for modeling near-continuum
flows. The computations for these Knudsen numbers enable one
to obtain the shock wave configurations that are close to the so-
lution of Euler equations. This is connected with the fact that the
Knudsen number Kn affects only the thickness of shock waves.
Outside the shock waves, the number of collisions is large enough
to maintain a local equilibrium inherent in continuum flows. The
shock wave configurations therefore do not depend on the Knudsen
number.

The majorant frequency schemes? of the DSMC method were
used in computations. A combined usage of cell and free cell
schemes allowed us to achieve high spatial resolution in the entire
flowfield, including the regions of large gradients. A rectangular
grid with a variable cell size was used. The cell size depends on the
local mean free path. The variable hard sphere model was used for
the molecular potential. The energy exchange between the transla-
tional and rotational modes follows the Larsen-Borgnakke model**
with the rotational relaxation number Z, = 5.

The freestreamconditionswith Maxwelliandistributionfunctions
were assigned at the upstream and upper boundaries of the domain.
The downstream boundary was chosen in such a way that the flow
there was supersonic,and the vacuum conditions were specified for
it, i.e., no particles entering the computational domain. To avoid
the boundary-layer formation, specular reflection was used on the
wedge surface.

To reduce the influence of statistical dependence between the
model particles and to provide an adequate spatial resolution, the
number of molecules in two-dimensional computations was var-
ied within the range of 4 x 10°-5 x 10° depending on the Knudsen
number, and the number of cells was 10°-10°. In three-dimensional
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computationsthe numbers of moleculesand cells were about3 x 107
and 5 x 10°, respectively.

Continuum Approach

Most of the continuum computations were performed using a
finite volume MUSCL total variation diminishing (TVD) scheme.
The numerical fluxes on cell interfaces were computed by solv-
ing the Riemann problem with left and right states that are recon-
structed from cell-averaged variables. It is well known that many
conventional Riemann solvers are not reliable enough for comput-
ing flows that include strong shock waves and expansions. In such
a case they may manifest many undesirable numerical phenomena,
such as postshock oscillations and negative values of density and
pressure. More robust solvers are usually characterized by a large
numerical viscosity. Our strategy for overcoming this problemis to
use a robust diffusive Riemann solver with a high-order MUSCL
reconstruction. The HLLE solver® coupled with the fourth-order
interpolation of Yamamoto and Daiguji*® was used in this work.
Such an approach allows one to capture the shock waves and to re-
duce the problems connected with smearing contact discontinuities
and excessive numerical diffusion in smooth solution regions.

A body-fitted quadrilateralgrid was used with the total number of
nodeschangedfrom20,000to 30,000 in differentruns. To ensure the
independenceof the results on the grid resolution, some of the com-
putations were repeated with finer grids (up to 50,000 nodes). The
agreement between the coarse and fine grid results was very close.

To compute the flow around two symmetrical wedges with ¢ =0,
the computationaldomain was dividedinto three zones, and a multi-
block version of the Euler code was used.

The third-order explicit TVD Runge-Kutta scheme of Shu and
Osher?’” was utilized for time stepping.

A uniform supersonic flow was specified at the inflow boundary,
and nonreflecting conditions were taken at the upper and outflow
boundaries. Nonpermeable conditions were imposed at the solid
walls.

To examine the structure of a steady MR in more detail, sev-
eral computations were performedin a rectangulardomain cut from
the channel. MR was obtained with a special statement of bound-
ary conditions on the upper boundary. The flow parameters up to
a certain point were taken from the Rankine-Hugoniot relations
for an oblique shock with an appropriate incidence angle. After
this point, the solid wall boundary conditions were taken. As a re-
sult, an expansion fan came from this point, and an incident shock
wave emanated from the upper-left-handcorner of the domain. The
computations for a rectangular box were conducted using a finite
difference weighted essentially nonoscillatory (WENO) scheme of
fifth order with global Lax-Friedrichs splitting2® The number of
grid nodes in these computations was 96,000.

Two-Dimensional Shock Reflections
Hysteresis Effect

To investigate the hysteresis effect, the angle o« was changed by
wedge rotation around its trailing edge during the computations.
This was achieved by the following procedure’: First the computa-
tion was performed for some «. After the flow became stationary,
the wedge was rotated so that the new wedge position generated a
shock wave with the incidence angle «; slightly different from o.
When the flow became stationary in this position, the wedge was
rotated again.

The computations start from oy < oy, where RR is the only pos-
sible configuration. Then « is smoothly increased up to a value
exceeding o, using the aforementioned procedure. As both DSMC
and continuum computationsshowed, the transition from RR to MR
is observedbetween o, =39.2 deg and @ = 39.5 deg. MR exists for
o > 39.5 deg. A typical example of the RR configuration, obtained
in the dual-solutiondomain, is givenin Fig. 3 (where N, and N, de-
note, respectively,the numberof grid cells along x and y dimensions
of the computational domain).

Note that using a coarse grid or large artificial viscosity in the
continuum approach may cause retaining of RR up to the angles
noticeably exceeding «p (Ref. 13).

When « is smoothly decreased from « > «p using the same pro-
cedure, MR is observedin the dual-solutiondomain (Figs. 4 and 5).
The transitionfrom MR to RR occurs at o*, which is slightly larger
than ay . For the continuumapproachthis is because for o approach-
ing ay the MS height becomes comparable with the cell size, and
MR cannot be simulated any longer. In the kinetic approach this
effect is caused by the influence of physical viscosity of the flow
(see Ref. 5 for details). The exact values of o* can be seen from
Fig. 6, which shows the MS heights obtainedin the Eulerand DSMC
simulations.

Thus, the computations clearly show the hysteresis effect when
smoothly changing o from below and from above the dual-solution
domain.

The results of kinetic and continuum computations are in good
agreement for Kn ~0.0005. For larger Knudsen numbers the dif-
ferencein o* and H caused by viscous effects becomes visible; see
Fig. 6. A decrease in the Knudsen number results in an increase in
H,, and the DSMC results tend to the inviscid solution. The latter
agrees well with the experimentaldata'® in almost the entirerange of
« variation. For o 2 o the Euler solution overpredicts the experi-
mental data. This is explained by more profound three-dimensional
effects in the experiments observed when increasing o.

Shape of MS

According to inviscid gasdynamics, the MS must be concave
because the flow behind the MS near the triple point deflects
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Fig.3 Density field for RR at o = 38 deg; Euler solution; N, = 175 and N, = 130.
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Fig. 6 Two-dimensional MS heights: computed and experimen-
tal'® data.

toward the symmetry plane, whereas at the symmetry plane the
flow does not deflect from its original direction. However, as has
been noted in Ref. 29, the MS is commonly seen to be straight
in the numerical simulations because its curvature is comparable
with the grid step. To reveal the MS shape, we performed several
computations with a higher space resolution. In these simulations,
the rectangular computational domain cut from the channel was
used.

The computations were performed using the continuumapproach
based on the solution of Euler equations. The density flowfield is
given in Fig. 7a, where a theoretical three-shock solution is also

presented. The angles of the incident and the reflected shock waves
and the MS as well as the inclination of the slip surface near the
reflection point coincide with the three-shock solution. A small cur-
vature of the MS is distinctly visible.

In the mixing layer downstream of the triple point, vortices are
observed that develop due to the Kelvin-Helmholtz instability. The
vortices appearduring the transient process, when the MS grows and
moves upstream, and remain for a long time after the MS location
stopschanging. An emergenceofnew vorticesis probablyconnected
with a feedback mechanism, when the vortices produce an upstream
influence through the subsonicregion and cause an instability of the
mixing layer near the triple point.

The Mach number flowfield is shown in Fig. 7b, which illustrates
the flow acceleration in the virtual nozzle and the transformation
from subsonic to supersonic flow in the throat. The sonic line is
marked to demonstrate the shape of the subsonicregion.

Influence of Initial Conditions

The existence of hysteresis upon smooth « variation shows that
the choice of initial conditions is important for the final reflection
configuration in the dual-solution domain. In this section, the in-
fluence of initial conditions is investigated for a constant angle of
incidence (fixed wedges). The computations were performed for
two different types of initial conditionsand identical boundary con-
ditions that specify a uniform freestream at the inflow boundary.

In the first computation, the initial condition was a uniform flow
with the same parameters as at the inflow boundary. The density
contours at different time moments during the flow evolution are
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Fig. 7 a) Density and b) Mach number fields for MR simulation in
rectangular domain at o = 41 deg; N,, = 480 and N, = 200.
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c)
Fig. 8 Flow evolution with uniform flow as initial conditions; density
field, o = 38 deg; Euler solution; N, = 300 and N, = 70.

given in Fig. 8 for « =38 deg. The wedge-generated shock wave is
initially curved (Fig. 8a). It reaches the symmetry plane with a small
angle of incidence, and RR is formed (Fig. 8b). This RR remains
during subsequentevolution, and the final steady RR configuration
is shown in Fig. 8c.

In the next computation, the gas in the computational domain is
initially at rest and has the pressure p; significantly smaller than the
inflow value p., (p; =0.03p,,). Therefore a gasdynamic disconti-
nuity exists at the upstream boundary.

a)

b)

9]

Fig.9 Flow evolution with gas at rest as initial conditions; density field,
o = 38 deg; Euler solution; N, = 300 and N, = 70.

The flow evolution for these initial data is shown in Fig. 9. Two
shock waves are formed, separated by the contact discontinuity.
Four different regions can be identified (Fig. 9a): region D of the
gas at rest, region C between the first shock and the contact dis-
continuity where the Mach number cannot exceed the maximum
M=./[2/y(y — 1)] (1.89 for y = 1.4), region B between the con-
tact discontinuity and the second shock wave, and region A of the
freestream flow. The Mach number in region B is also smaller than
M, and the slope of the wedge-generated shock wave in region
B is larger than that for the incident shock wave in region A. Fig-
ure 9b demonstrates a sharp bend of the incident shock wave on
the boundary between regions A and B. The MS develops from
the large-angle shock incident to the symmetry plane in region B.
Finally, MR forms as a stationary configuration (Fig. 9c¢).

More detailed computations for the second type of initial con-
ditions showed that the final configuration depends on the value
of p;. Namely, for all values p; < p* RR is realized, whereas for
p* < pi < p™ MR is developed, and for p; > p** the choked shock
wave is the final configuration. This conclusionis valid for both nu-
merical approaches. The values of p* and p** are slightly different
for these approachesand depend on the distance between the inflow
boundary and the wedge leading edge and on the Knudsen number
used in DSMC computations.

Freestream Perturbations

As both RR and MR were observed in the numerical calculations
inside the dual-solution domain, these configurations are stable to
infinitesimal perturbations. However, large-amplitudeperturbations
may cause a flip between two configurations. Any experimental
facility has a certain level of perturbationsthat differ in their nature
and magnitude. The aim of numerical simulations is to model the
perturbationsof a specific type and to analyze their influence on the
hysteresis phenomena.

Vuillon et al.*” investigated the stability of regular reflection by
introducing perturbations behind the reflection point. (They set the
velocity to zero in the several rows of grid cells.) Here we consider
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the influence of strong but short-time perturbationsof the freestream
that seem to be more physical (see also Refs. 6 and 31). The com-
putations showed that such perturbationsmay transform RR to MR
and back. The Euler results on the impact of an impulsive perturba-
tion on RR are given in Fig. 10 for @ = 34.5 deg. The perturbation
consisted of the increase in the freestream velocity at the upstream
boundary by 40%. It was applied during a short time, t = Hy /U,
where H, is the MS height for the corresponding MR and U, is
the freestream velocity. After the perturbations had interacted with
the RR configuration, MR was formed. Obviously, the reason for

Fig.10 Flow evolution during RR to MR transition by flow perturba-
tion; density field, o = 34.5 deg; Euler solution; N, = 240 and N, = 120.

the MR formation is a temporary existence of the shock wave with
a large angle of incidence during this unsteady interaction.

The reverse transition from MR to RR by means of impulsive
freestream perturbations(the freestream velocity was decreased for
a short time) was also observed in computations (see also Ref. 9).
The computations performed show that the transition from RR to
MR in the greater part of the dual-solutiondomain is easier to cause
than the reverse transition, where stronger perturbations have to be
applied. Note that the MS height does not depend on the way of
obtaining the Mach configuration and is defined only by the flow
geometry.

Three-Dimensional Computations

The flow three-dimensionality may considerably affect the tran-
sition process and is one of the possible reasons for the incon-
sistency between experimental data and two-dimensional numer-
ical results.!%32:3% It is next to impossible to preserve the two-
dimensionality of the flow in experiment. When o« — «p, the Mach
number behind the reflected shock wave of RR is about unity, and
the influence of side effects may extend inward up to the vertical
symmetry plane. For MR, the existence of a subsonicregion behind
the MS even increases the requirements to the aspect ratio.

Both von Neumann and detachment criteria were obtained for
the two-dimensional case. For three-dimensional flow, the analyt-
ical treatment is more complicated and has not been done yet. An
applicationof two-dimensionalcriteria to three-dimensionalflow is
questionable and requires a substantiation for each particular case.

The main objective of the computationsis to clarify the influence
of the aspect ratio on the transition angles and final shock configu-
ration.

Both kinetic and continuum approaches have shown that signifi-
cant three-dimensionalitydelays the transition from RR to MR. For
z/w =1, a regular configuration retains even at « =40 deg > «p
(Fig. 11). Note that the bending of the incident shock wave in the
spanwise direction results in the formation of a MS surface on the
periphery. (See the plane normal to the freestream.) This is because
the three-dimensionalreflected shock wave there can no longer turn
the flow parallel to the horizontal symmetry plane. The flow behind
the peripheral MS surface is supersonic. The MR configuration in
the core flow is observed only at @ =42 deg. The Mach number
contours for this case are given in Fig. 12. The size of the sub-
sonic zone in the transversal direction is about the wedge spanwise
size z.

When increasingthe aspectratio, the angle of RR to MR transition
approachesay,. For example, for z/w =2.14 the MR was observed
ato =40deg (Fig. 13). The process of MR formation is as follows:
Initially, a small MS is formed near the vertical symmetry plane,
and RR remains between this MS and the peripheral MS surface.
Then, if the aspect ratio is large enough, the core flow MS devel-
ops upstream and outward and merges with the peripheral MS (for
details see Ref. 9).

Fig. 11 Three-dimensional regular reflection at o = 40 deg, z/w = 1; density field; DSMC solution; Kn = 0.005.
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Fig. 12 Three-dimensional MR at o = 42 deg, z/w = 1; Mach number field; DSMC solution; Kn = 0.005.

Fig. 13 Three-dimensional MR at o = 40 deg, z/w = 2.14; density field; DSMC solution; Kn = 0.005.
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The hysteresiseffecthas also been observedin three-dimensional
computations. However, two-dimensional transition criteria cannot
be applied for this case; the angles of both forward and reverse tran-
sitions depend on the aspectratio and increase when z /w decreases.

The aspectratio affects not only the transition angles but also the
MS height. The influence of the aspect ratio on the MS is given
in Fig. 14 for two-dimensional (z/w = 00) and three-dimensional
(z/w=1.33 and 2) cases.

These computations were performed for H/w=0.75 (param-
eters corresponding to the experimental conditions*). For such a
geometry, itis impossible to obtain MR in two-dimensional flow for
o > 38 deg because the reflected shock wave comes to the wedge
surface, and a choked shock configuration develops. The existence

of MR for angles up to 45 deg observed in the experiment* gives
evidence of a considerable flow three-dimensionality.

As seenin Fig. 14, if the aspectratio increases, the MS heightin
three-dimensionalflow tends to the two-dimensional value. Never-
theless, this tendency is very gradual, and even assuming linear de-
pendence of the MS height on the aspectratio, the two-dimensional
case will be reached only at z/w > 4. This result has to be taken
into account when elaborating a strategy for further experimental
works.

Conclusions

Comprehensive numerical investigations of the transition be-
tween regular and MR and attendant hysteresis phenomenon in
two-dimensionaland three-dimensionalsteady flows have been per-
formed by the kinetic (the DSMC method) and continuum (the so-
lution of Euler equations) approaches.

A detailed examination of the MS configuration has shown that
the MS is slightly concave. This is in accordance with the inviscid
gasdynamics theory.

An analysis of the formation of shock wave configurations has
been conducted for two types of initial conditions. The first type
was a uniform flow, and RR is the final configuration everywhere
inside the dual-solution domain. In the second case the computa-
tional domain was initially filled with gas at rest. In this case, either
RR, MR, or a choked shock wave can be formed, depending on the
pressure of gas at rest.

The effect of impulsive freestream perturbations on the shock
configuration in the dual-solution domain has been studied. These
perturbations may cause a flip from RR to MR and back. MR is
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more stable to perturbations, and the transformation of RR to MR
is easier to obtain than the reverse one.

The computations also reveal the hysteresis effect in three-
dimensional computations. As the investigation of the aspect ratio
effect shows, the flow three-dimensionality increases the angles of
both forward and reverse transitionsand decreasesin the MS height.
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